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suMMARY

WAVE

shownthatthestreamlinesinanangularneighborhoalofthe
an unyawedcircularconewithanattachedshockwaveare,
approximation,portionsofhyperbolas.Thisfactisused
forthedevelopmentofanapproximatesolutioninwhichthe
orientationandtheflowfieldbehindtheshockwaveare

givenexplicitlyintermsofthefree-streamM3chnuder,thevertex
angleofthebodycone,andtheratioofspecificheatsofthegas.
Theapproximatesolutionis comparedwithotherapproximatesolutions
forthecone.

INTRODUCTION

It iS
fltiofan

wellknownthatwithincalculablelimitstheadiabaticsteady .
inviscidperfectgasovera nonliftingcircularconeassumes

a relativelysimpleform. Theessentialcharacteristicofthistypeof
flowisanattachedcone-shapedshockwavebehindwhichthevelocityand
stateofthegasare’constanton conicalsurfaceswhoseaxesandver-
ticescoincidewiththoseofthebodyconeandtheshock-wavecone.

Thebasicfeaturesofthistypeof supersonicflow,togetherwith
a graphical”methcdforcalculatingtheflowfieldby startingwitha con-
icalshockwaveofgivenvertexangleandenteringairata givenMach
number,weredescribedby Busemann(ref.1). Taylorandl@ccoll(ref.2)
conducteda comprehensiveinvestigationoftheprobleminwhichexact
equationsgoverningtheflowweredevelopedandsolvednumerically.
Thenumericalresultswereshowntobearexcellentagreementwiththe
experimentallydeterminedvalues.Subsequently,Maccoll(ref.3)
extendedthenumericalcomputationsto coneswithlargervertexangles
by usingsolutionsinseriesfor’thevelocitycomponentsintheflow
fieldbehindtheshockwaveandcalculateda maximumpossiblevaluefor
thevertexangleofa conewithanattachedshockwave. Themostexten-
sivetablesandgraphsoftheflowvariables,whichwerepreparedonthe
basisoftheworkofTaylorandMaccoll,arecontainedinreference4.

— ——. —.—



2 NACATN3485

Eventhoughaxiallysymmetiicflowovera conewithanattached
shockwaveisoneofthefewcompressible-flowproblemswhichadmitof
precisesolutionswithreasonablecomputationallabor,approximate
solutionsin closedformareofusein certaincases.Approximate
solutionsfortheconemaybe usedintherapidcalculationofsuper-
sonicflowoverpointedbdies ofrevolution.As a secondexample,an
approximatesolutionrelatihgthevelocityfieldbehindtheshockwave
totheveloci~atthebcdy-conesurfacemay,in someinstances,be
combinedwithinformationonstrongshockwavesina realgastoobtain
estimatesoftheeffectsofvibrationalexcitationanddissociationon
theflowoverconicaltipsinthehypersonicrange.

Thefirstapproximatesolutionfortheconeresultedfromtheline-
arizedtreatmentby VonMrm6 andMoore(ref.5) oftheaxiallysym-
metricsupersonicflowoverbodiesofrevolution.b additiontothe
furtherdevelopmentoflineuizedtheory(forexample,ref.6by
Lighthill), VanDyke(ref.7) hasdevelopeda second-ordertheoryIn
whicha first-ordersolutionofa givenproblemconstitutesthestarting
pointforan iterationprocedureaimedat obtainingcloserapproxim-
ations. As onemightexpect,theincreaseinaccuracyisaccompanied
by a considerableincreaseincomputationaleffort.

Sincethelinearandsecond-ordertheoriesme baseduponthe
assumptionofsmall.~rturbationsandflowthatisfreeof shockwaves,
theyaredefinitelylimited,particularlyintherealmofhighl&ch
nunibers,bothinaccuracy.=dfir~ge ofapp~~bi~ty.

Theconical-shock-expansionmethodofEggersandSavin(ref.8) for
calculatingtheflowoverpointedbdies ofrevolutionathighsuper-
sonicairspeedsutilizesapproximatesolutionsfortheconetodeter-
minethenatureoftheflowintheneighborhoodofthevertex.Since
theexistenceofanattachedshockwaveisessentialtotheseapproxi-
mations,theyarenotsubjecttothesameImitationsas theperturba-
tionmethcdsand,infact,achievetheirbestaccuracyinthehigh
Machnumberrmge. Ofthethreeappro-te solutionspresentedfor
thecone,onlythethird(ref.8, appendixA) canbe appliedwithease
comparabletothatof&e small-perturbatimsolutionofVonK&m&
andMoore.

Inthepresentreport,itisshownthatinanangularneighborhood
ofthebodyconethestreamlinesare,toa firstapproximation,por-
tionsofhyperbolas.h keepingwiththeconicalnatureoftheflow
fieldbehindtheshockwave,thehyperbolasofthisfamilyareunif-
icationsofoneanotherwithrespectto theircoummncenter,thecone
vertex.Thegeneratorsofthebdy cone(thewholeMnes,ratherthan
thehalf-lineswhichterminateat thevertex)aretheasymptotesof
thehyperbolasofthefamily.Thus,theconjugate=es ofthehyperb-
olas alllieontheconeaxis,andthecurvesthemselvesaresymmetric
abouttheplanenormaltotheconeaxisatthevertex.
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Inthedevelopmentofthepresentapproximatesolutionforthenon-
liftingconewithanattachedshockwave,thestreamlinesbehindthe
shockwaveareassumedtobe hyperbolasoftheformjustdescribed.
Withoutfurtherapproximationbeingnecessary,it isfoundthatan
approximatesolutioncanbe derivedwhichyieldsexpressionsforthe
shock-waveangle,thepressureratioacrosstheshockwave,andthe
surfacevelocityintermsofthefree-streamMachnuder,thecone
angle,andtheratioof specificheats.

SYMBOIS

a

c

CP

M

P

u

v

Vr

‘x

localspeedofsound,referredtomaximumvelocityc

maximumorlimil&gvelocitywhichwouldbe attainedby
expandingadiabaticallyintoa vacuum

pressurecoefficient

free-streamMachnumber

staticpressure

radialvelocitycomponent(asinpolar-coordinatesystem),
positiveoutwardalongrayfromconevertex,referredto
maximumvelocityc (fig.1)

normalvelocityccxnponent(asinpolar-coordinatesystem),
positivewithincreasinge,referredtomaximumvelocityc
(fig.1)

radialvelocitycomponentnormalto coneaxis”(asinaxially
symmetriccylindricalcoordinatesystem),positiveoutward
fromconeaxis,referredtomaximumveloci~ c (fig.1)

velocitycomponentparallelto coneaxis,positiveinpositive
directionof-freestream,referredtomaximumveloci~ c
(fig.1)

x,r axiallysymmetriccylindricalcoordinateswithoriginat cone
vertexandx-axiscoincidentwithconeaxis(fig.1)

7 ratioofspecificheatat constantpressureto specificheat
at constantvolume

‘3’E3 third-orderremainderterms,asdescribedintext

-—
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e angle whichrayemanatingfromconevertexmakeswithcone
axis(fig.1)

T=~e

Subscripts:

s refersto conditionsatbody-conesurface

w refersto conditionsimmediatelybehindshockwave

1 referstofree-stieamconditions(notusedincaseoffree-
streamMachnumber)

APPROXIMATION

s~

TOTECEFORMOFTHE

NEARTHESURFACE

Thesecond-orderordinarydifferentialequationwhich!lhylorand
Maccollderivedas governingtheconicalflowfieldabouta nonlifting
circularconewithanattachedshockwaveisequivalenttothefollowing
systemoffirst-orderdifferentialequations(see,forexample,ref.4,
pp.viiandviii,orref.2,pp.281w 282):

du v—=
dO

~2dv - a2(2u+ v cote)
de

(1)

.

wherethelocalspeedofsounda isrelatedtotheradialandnormal
velocitycomponentsu and v (fig.1)by

a2_ 7-1
2

Here,forthesakeofsimplicim,
as themaximumvelocityc which

(1 -uP-#) (2)

theunitofvelocityhasbeentaken’
wouldbe attainedby allowingthe

@s toflowadiabaticallyintoa vacuum.

For&e purposeofthepresentanalysis,itis convenienttotrans-
formthesystemofequations(l). Let Vx be thevelocitycomponent

..———
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paralleltotheaxisofthecone(thelinewhoseequationis e . O)
andpositiveinthepositivedirectionofthefreestream.Moreover,
let Vr denotetheradialvelocitycomponentperpendiculartothecone
axisandpositiveoutwardfromthisaxis(fig.1). Sincetheflowis
conical,Vx and Vr arefunctionsof e. The
and Vr arerelatedtothedependentvariables
formation

u= Vx cos e + Vr sine

v = .lrxstie+vrcOse

whoseinverseis

‘x = u cos e - v sti e

‘r= u sti e + v cos e

dependentvariablesVx
U and V by thet?X3n8-

(3a)

(3b)

(4a)

(hb)

Withthechangeofdependentvariablesdefinedbyequations(3),
thesystemofdifferentialequations(1)takestheform

dvx dvr a%r
de
_.-*e~=a2- Vr

(
cos e - Vx .m e)2

andequation(2)becomes

(a2. Q l-vx2-vr2)
2

Dividingthesystemofequations(5) by 1+ tan2eandnotingthat

(1+ tan2e)de

gives,in conicalcoordinates,

= sec2e df3= d(tane)

dvx dvr—= -1—— =.
2a Vr

d~ “d~ a2(l+ T2) - (Vr - I-vx)p

(5)

(7)

where T-@IIe. (Thefactthatthisformoftheequationshasabo
beengiveninref.9, p. 356, wasrecentlynoted.)Thesystemof

.-.. ____ _ ._ . —.. — —.—



NACATN34’856

differential
differential

equations(7)‘is,then,equivalenttothesecond-order
equationderivedby TaylorandMaccoll.

Eventhoughthesystemofequations(7)apparentlydoesnotadmit
ofa solutionin closedform,cert+ininterestingandusefulfactsabout
theexistenceandnatureofa solutionareobtainablefromthetheory
offunctionsofrealvariables.Considerationisrestrictedtothe
casesofphysicalinterest,thatis, o<Ts<~, l<y<~,and
o<~<l.

Itfollowsfromthetheoryoffunctionsofrealvariablesthata
uniquesolutionofequations(7)etistsina neighborhoodof T = ‘rs
suchthatthefunctionsVx and vr andtheirfirstderivativeswith
respectto T arecontinuousfunctions.(See,forexample,ref.10,
P. 357.) ~ereforejby successive~~ferentfit~geq~tio~ (7)Y it
isevidentthatthehigherderivativesarealsocontinuousina neigh-
borhomiof Ts. These resultsimplythatthevelocityratio vJvx
anditsderivativeswithrespectto cote = l/T must be COIItiIIUOUS
ina neighborhoodof Ts. Consequently,itispossibletoapplyTaylor’s
theoremwitha remainder(ref.10,p. lm) tothedevelopmentofthe

functionVJVX in powersof Cot f3- COt EIs= + - *. ‘l?heevaluation .

ofthecoefficientsforthisdevelopmentisa matterofstraightforward
calculationutildzingequations(7)togetherwiththeboundarycondition

vr,s
—’TsVx,s

(8) .

whichisequivaknttothephysicalstatementthattheflowatthecone
surfaceisalonga generator.~ particular,thetermof zeroorderin
theTaylordevelopmentisgivenWectlyby equation(8). Thecoeffi-
cientofthefirst-ordertermmaybe determinedas foXlows:

2= ‘s
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Similxmlyjthe
tobe

or

7

second-ordercoefficientisfound,aftersomecalculation,

1

[1

dz Vr Ts 5—=
= d(l/T)2 VX s 1 + TS2

TheTaylordevelopment,therefore,has

Vr ()21 Ts5
—=T~+Ts7-&+
Vx Ts 1 + Ts2

the form

() 2
1 1 +6—-=
T 3

(9)

where 63 isoftheorderofthethirdpoweroftheargument;thatis,

Equation(9) canbe writtenas

Vr Ts2

[ 1

l+k(.-Ts)2+~3—= —
‘x T 1 + Ts2

(9)

where Z3 isalsoofthirdorder.IncasesinWhichthedifference
T - Ts remainssmallthroughouttheflowfieldbehindtheshockwave
(thatis,?iheretheshockwaveliescloseto the conesurface),equa-
tion(ga)canbeapproximatedby

2
‘r ‘S—=
Vx T (lo)

Thisrelationconstitutesthebasisoftheapproximatesolutiontobe
developed.Ofsecondaryimportanceintheireffectsupontheaccuracy
oftheapproximationexpressedinequation(10)are (a)thetendency,
mostpronouncedinthecaseofa coneofSMll vertexangle,ofthe
factorTS/T partiaUy to offsettheincreaseoferrorwithincreasingT
and(b)theslighttendencyofthefactor1/(1+ Ts2) tO itUprOVethe

.- —.—- .—. . — _—
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accuracy with increasing cone angle. ‘lheeffectof 7 entersonlyin
termsofhigherorder.(See,forexample,ref.3,p.466.)

..
Theresultsoftheforegoinganalysismaybe statedas follows:

h anangularneighborhoodofthebody-conesurface,thevariationof
thevelocityratio vr/vxwiththevariableT s tane is,toa first
approximation,givenby eqyation(10).

. . . .,;
Considernowan”@a~ symmetriccylindricalcoordinatesystem

withorigin’atthevertexofthebodyconesuchthatthex-axiscoin-’
tideswiththe‘coneaxisandhasitspositivedirection.downstream,and
let r denotithedistanceofthepoint(x,r)inthissystemfromthe
axis. Then,

: ... ,,.
r.—=.. T
x

(IL)

Inthiscoordinatesystem,thedifferentialeqmtionofa streamlineis

dr Vr
—= —
ax Vx

Withtheuseofequation(.11)andtheapproximateequation(10),the
differentialequationofanarbitrarystreamlinebecomes

Separatingthevariablesandintegratinggives,,
familyofstreamlines,

rz. Ts%#+ Constant

When the arbitraryconstantofintegration
allpositivevalues,equation(12)representsa

as theequationofthe

(12)

is permittedtotakeon
familyofgeometrically

similarhyperbo~s~th centersat theorigin(theconevertex),trans-
verseaxesthroughtheoriginandnormaltotheconeaxis,andcomon
eccentricity–Csc8s. The-~rbolas ofthefamily
toteswhicharegeneratorsofthebdy-conesurface
are

r ~Tsx=

havecomonasymp-
andwhoseequations

—



2s

, ,

NACATN 3485 9

Forthesetofpositivevaluesoftheintegrationconstant,thisfamily
of curvescompletelyfillstheportionofspaceexteriortothesolid
bodyconeanditsnaturalcounterpartwhichis obtainedby extending
theconegeneratorsthroughthevertex.Theconjugatehyperbolas,
obtainedby assigningnegativevaluesto thearbitraryconstantineqya-
tion(12),lieinsidetheconeandarewithoutphysicalsi~ificancein
thiscase.Theportionsofthesehyperboksupstreamoftheshockwave
arediscardedandreplacedby parallelflowinthesubsequentformulation
oftheapproximatesolutionfortheflowovercones.

Tntheprecedinganalysis,ithasbeenshownthatinanangular
neighborhoodoftheconesurfacethestreamlhesare,toa firstapproxi-
mation,portionsofgeometricallysimilarhyperbolaswhosecomnoncen-
teristheconevertexandwhoseasymptotesareextendedgeneratorsof
theconesurface.

Thegeometricformofthestreamlinesnearthesurfacedepends,to
a firstapproximation,solelyontheformofthesurface(thatis,the
vertexangleofthecone),butisindependentofthevelocityatthe
surfaceand,therefore,independentofthefree-streamMachnumber.It
hasbeenpointedouttotheauthorthatequation(12)canalsobe obtained
by applyimgtheone-dimensionalcontinuityequationtoa streamtube
adjacenttothesurfaceofthebalycone. Ihthisconnectionit isnoted

that,toa firstapproximation,theresultantspeed/r& = J-
isconstantnearthebody-conesurface;sincetheflowis isentropic,a
similarstatementappliestothedensity.However,itshouldbe noted,
also,thatconstantresultantspeedandconstantdensityarenota part
oftheapproximatesolutiontobe developed.

DERIWYIKJNOFAPPROXIMATESOLUTION

In ordertodevelopanapproximatesolutionforaxiallysymmetric
flowovera conewithanattachedshockwave,eqyation(10)isnow
assumedtoholdthroughouttheflowfieldbehindtheshockwave. Ifthe
coefficientT inthefirstof equations(7),namely,

dvx dvr
T’-Tr

isreplacedby itsvalueasdeterminedby equation
differentialequationcanbewrittenintheform

(& lo% Vx+ ‘s )bo&vr=o
d’r

(10),theresulting

— _.— ——.— .-———— ..—.-’----- — — -
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() Te2
‘x‘r = constant

Thus,

Ts2 Ts2

()‘x ‘r =V x,s()
vr,s (13)

Whentheapproximateequations(10)and(13)aresolvedsimultan-
eously‘withtheuseofequation(8), theresultingapproximateequations
forthevelocitycomponentsVx and Vr canbewrittenas

~x—=
v-x,s

‘r—=
vr,s

(14a)
‘sin2es()tanEltan0s

()

cos2es
tanes
tan(3 (lkb)

Sincetheboundaryvaluesofthevelocitycomponentsarerelatedtothe
resultantvelocityus at thebcily-conesurfaceby theequations

vx,s = usC06 es

it isseenthatequations(14)essentiallygive
intermsofthevariable9 andanytwoofthe
vr,s~ Usj and es. (h thesolutionsofrefs.
eterswhichhavebeenchosenare us and es.)

(1’ja)

(1~)

thevelocitycomponents
fourparametersVx,s,

2)3)and4, theparam-

Ihderivingtheapproxhaaterelations(14),usewasmadeofthe
firstofequations(7),butnotthesecond.Thesignificanceofneg-
lectingthesecondofequations(7)isdiscussedinappendixA.

Theapproximateequations(14)relatingtheveloci~fieldbehind
theshockwavetothevelocityat thebody-conesurfacemay,in some
cases,be combinedwithinformationonstrongshockwavesina realgas
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toobtainestimatesoftheeffectsofvibrationalexcitationanddis-
sociationontheflowoverconicaltipsinthe@rsonic range.Such
estimateswillbe mostaccuratewhentherelaxationdistancemeasured
alonga streamlineiseverywherenegligiblysmallincomparisonwith
thelengthoftheconicaltipmeasuredalonga generator,thatis,when
thedistortionoftheconical.formoftheflowfieldcausedby relaxa-
tioneffectsis insignificant.

Inreturningtothedevelopmentofthetheorybasedupon.the
approximateeqti~fon(10),considerationisagainrestrictedtoperfect
gases;thus,inparticular,thechangein stateofthegasacrossthe
shockwaveisassumedtobe oftheRankine-Hugoniotme andtheeffects
ofvibrationalexcitationanddissociationareassumednottooccur.
Thetheoryoftheobliqueshockwavegives,.forthevelocitycomponents
Vx,w and Vr,w immediatelybehindthewave,theexactequations

1

} (16)

‘[)+?“27-

‘r,w = -1
M’ (

(cot”%)* sin2(3w-~
l+L )

2
“1

In linewiththepreviousnotation,theveloci~componentsVx,w and
Vr,w areparallelandperpendicular,respectively,tothefree-stream
direction;asbefore,theyarereferredtothelimitingvelocityc.
Thefree-streamMachnumberandtheshock-waveanglearedenotedby M
and ew,respectively.

Sinceequation(10)isassumedtoholdthroughouttheflowfield
behindtheshockwave,immediately%ehindthewaveitbecomes

Vx,w 1 1 -1
‘rjwtanew=-=2‘s Sin’es

.

t —-. .—. —. .——- —
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Whenthevelocitycomponentsinthisequationarereplacedby their
valuesasgiveninequations(16),theresultingapproximateequation
is

2
( )
sti2ew- ~ = sti2e~

7+1 $

or

(17)

Ihthisapproximateequationtheshock-waveangle,thefree-streamB@ch
nuuiber,thebody-coneangle,andtheratioof specificheatsarerelated
in such.a waythattheequationmaybe solvedforaq oneofthefour
parametersintermsoftheotherthree.Itisevidentthattheequation
becomesexactinthelimitasthebcdy-coneangleapproacheszero.

An interestingtheoreticalcomparisonbetweentheconeandthewedge
cm be obtainedby usingtheapproximateequation(17)anditsexact
counterpartfromtheoblique-shock-wavetheory(ref.I-1,p. 57). For
infiniteMachnumber,itfollowsfromequation(17)thatthelimitof
theratiooftheshock-waveangletotheconeangle,astheconeangle
approacheszero,isgivenby

be
corresponding~t inthecaseofthewedgeiseasilyfoundto
(7+ 1)/2.

Theapproximateequation(17),forgivenvaluesofthefree-stream
MachnuniberM andtheconeangle es,givesessentiallyonesignifi-
cantvaluefortheshock-waveangle ~. Moreover,thisvalueis,in
general,a reasonablygod approximationtothephysicallyobservedor
“firstsolution”valueof ~, butnottothelarger“secondsolution”
value.(Seeref.4.) Thisis consistentwiththelimitationofthe
applicabili~ofequation(10)to casesinwhichtheshockwavelies
neartheconesurface.

Theappro~te expressionsthatresultforthevelocitycomponents
ixmnediatelybehindtheshockwave,wheneqwtion(17)iSUSedtoreP1-ace
~ inequations(16),are

1
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vX,w
2

Coses

(’ )-+$ 1/2Y-

‘r~w= -1
l+G M?

2

Equations(18),then,give
ponentsimmediatelybehind
free-streamMachnumber.

Usingequation(14a),
withequation(15a)yields

Whenequations
equation(19),

us=

(ma)

the
the

approximatevaluesofthevelocitycom-
waveintermsoftheconeangleandthe

evaluatedjustbehindtheshockwave,together
theapproximaterelation ‘

vX,w ()tan es Sin*es
Coses tan ew (19)

(17) and(l&) areusedtoeliminate~ and VX,lTfrom
theresultingexpressionfor us is

1/2

()

7-lM’
2

‘s = ~+7-1#
2

(COS es) ( 7+12
M’- l+— M Sb2es

)

~’h?~ti’ea

w’es
1+7

2

f3h2es

2

(20)

Inthisapproximateequationforthevelocityatthesurfaceofthe
boiycone,as inthecaseofeqwtions(I-8)>* p~~ters arethe
free-streamMachnumberM andthecone(semivertex)angle es.

~us, equations(14),(15),(17),(18),and(2o)giveanapproxi-
matedescriptionofthevelocimfieldandtheorientationofthe
attachedshockwaveintermsoftheconeangle,thefree-steamMach
number,andthewa%atic co~~nt ofthe@s.

...-. . .. ——— —- . —-— .— .-. . — .—. .. —.. ————
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Thepressureratioacrosstheshockwaveisgivenby the
equation(ref.11,p. 57)

where p, isthestaticpressureinthefreestresmaheadof
&

and pw isthe

sinzewinthis
tion(17)gives

staticpressure

equationby its
theapproximate

immediately

.apprcnzha.te
expression

behindthewave.

valueasgivenin

%.– = 1 + 7M%r12e,
PI

Sincetheflowfromimmediatelybehindtheshockwavetothesurfaceof
thebcdyisassumedtobe isentropic,

[ 1
7

Ps 1-%2
q

—=
Pw 1- (V~,~)2 - (Vr,~)2

exact

thewave

Replacing

equa-

(Z!l)

>
, where ps isthestaticpressureat thesurface.

Consequently,thesurfacepressurecoefficient~,s, whichis
givenby

(22)

(23)

canbe calculatedapproximately,withtheuseofequations(18),(20),
(21),and(22), forgivenvaluesofthebcdy-coneangle,thefree-stream
Machnmiber,andtheratioof specificheats.

Althoughitisapparentlynotworthwhileinthegeneralcaseto
reducethissetofequations(thatis,equations(18)and(2o)to (23))
toa singleexpressionforthepressurecoefficient,considerablesim-
p~ficationdoesresultwhenthefree-streamMachnuuiberbecomesinfinite.
Thisspecialcase,whichisof sometheoreticalinterest,isdiscussedin
appendixB.

.

——— .—.
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COMPARISONWITHOTEIERSOLUTIONS

M orderto comparethepresentapproximatesolutionwithwe
threeapproximatesolutionsofEggersandsatin@cf. 8),computations
havebeencarriedoutforairwith Y = 1.405 ina numberof cases
whichrepresentratherwiderangesoftheconeangleandthefree-stream
l@chnumber;thecaseshavebeenselectedsoas to correspondto exact
solutionsofreference4. Theapproximatemethdswerewed to calcu-
latetheshock-waveangle f3w,thesurfacevelocityus,andthesur-
facepressurecoefficient%,s”

Thefirstapproximatesolutionofl?ggersandSavinfortheconeis
givenintheformofequations(12)and(19)ofreference8. Thefirst
oftheseeq~tionsisanapproximateexpressionfortheflow-direction
angle.TheMachnumberparameteroccurringintheequationisevaluated
by solvingtheequationsimultaneouslywiththeappropriateoblique-
shock-waveequations;a semigraphicalmethod,oritsequivalent,maybe
usedtodo this.Whenthenecessaryparametershavebeendetermined,
thetwoequationsgivetheflowdirectionandspeed,respectively,in
theflowfieldbetid theshockwaveasa functionoftheposition
angle e. Thesolutionisprimarilyapplicableto slendercones.

Equations(27)and(3o)ofreference8makeup thesecondapproxi-
matesolutionpresentedby EggersandSavin.Thecomputationaldetails
aresimilartothoseofthefirstmethod.Thesecondsolutionispri-
marilyapplicableto casesinwhichtheshockwaveliesclosetothe
body-conesurfaceand,inthisrespect,thesolutionis similartothe
presentapproximation.Reference8 indicatesthatthesecondmethod,
whenitisapplicable,istobe preferredtothefirstmethcd.

Thethirdapproximatemethodgivenby EggersandSavin(appendixA .
ofref.8) correspondsto theliinitingcaseofthesolutionofthe
presentreportforsmallconead shock-waveangles.

h a noteontherelationofthehypersonic.similaritylawtoaxially
symmetricflowovercones,Lees(ref.12)hasdevelopedan approximate
solutionwhichiscomparabletothethirdmethodofE@ers andsatin
butwhichis,ingeneral,lessuniformlyaccurateinthecalculationof
boththeshock-waveangleandthesurfacepressurecoefficient.The
approximateexpressionobtainedby Leesrebtingthewaveangletothe
coneangle,thefree-streamN&h nuniber,andthespecific-heatsratio
canbe putintothefollowingform:
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whichpermitsaneasycomparisonwithequation(A7)ofreference8,that
is

andwithequation(17)ofthepresentpaper.

Thecomparisonoftiethreeapproximatesolutionsofreference8
withtheapproximatesolutionofthepresentpaperisgiveninfigure2.
Inordertofacilitatethecomparisonoftheaccuraciesofthemethcds,
theapproximateresultsarepresentedintheformofratiosofthecal- “
culatedvaluesto theexactvaluesas giveninreference4.

Figure2 generallyshowsthat,for E)s= ~o,thepresentmethmiis
considerablylessaccuratethanthelengthierfirstandsecondmethods
ofreference8 hutisapproximatelyequivalentinaccuracyto thethird
methaiofreference8. For es= 20°,thepresentmethodisslightly
lessaccuratethanthefirstandsecondmethmisofreference8,butis
considerablymoreaccuratethanthethirdmethcd.For es= 35°,the
presentmethodisslightlymoreaccuratethanthesecondmethmiof
reference8,andis considerablymoreaccuratethanthethirdmethd. ,.

Figure3 showsthatthepresentapproximationcomparesfavorably
inbothaccuracyanduniformityofaccuracywiththefirst-andsecond-
orderorsmall-perturbationsolutions.

Forgivenvaluesoftheconeangle es andtheratioofspecific
heats y,equation(20)mayhe usedwithsuccessiveapproximationsto

/

-1
determinethefree-streamMachnuniberwhichcorrespondsto us= —7

7+1’
thatis,toa Machnumberofunityonthesurfaceofthebodycon~.”
Thesecalculationshavebeencarriedoutwith 7 = 1.405forcones
ranginginsemivertexanglefromO0 to50°,andtheresultsarepresented
infigure4 togetherwiththecorrespondingexactdata(ref.4). The
twocurves,approximateandexact,give,as a functionoftheconeangle,
theminimumfree-stre~Machnumberforwhichtheflowisentirely
supersonic.

A detailedexaminationoftheaccuracyofthepresentapproximate
solutionin calculatingtheshock-waveangle ~, thesurfacevelocityus,
and’thesurfacepressurecoefficient~,s isgiveninfigure5 for

7 = 1.405.Thecompetitionswereperformedforseveralconeswith es
rangingfrom5°to50°forl&Shnumberscorrespondingtothoseforwhich
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exactcalculationswereavailableinreference4. Thelowerl@chnum-
berlimitsofthecurvescorrespondtoa surfaceWch numberofupity
(consistentwiththeapproximatecurveoffig.4). Thetendencytoward
increasedaccuracyat thehighMachnuuibersisevidentinallthecases
showninfigure5.

Forthelimitingcaseof infiniteMachnumber,whichisdiscussed
inappendixB, theapproximatemethcdhasbeenappliedto thecalcula-
tionofthesurfacepressurecoefficienttaken,forconvenience,in
ratiototheNewtonianpressurecoefficient(~js)N= 2 sin2e~.The
compubtionswerecarriedthroughforthreevaluesoftheratioof

(’3
speciftcheats 7 = 2 with .9s

)
~, 1.405,l– rangingfrom0°to50°.

3.
Theresultsarecomparedin~igure6 withtheexactresultsgivenin

1~ and 7 = 1.405,andwithtwopointsobtainedreference4 for 7 = ~

by thenumericalinte~ationofequations(7)

CONCLUDINGREMARKS

for y = 1$.

Ithasbeenshownthatthestreamlinesinan angularneighborhood
ofthesurfaceofanunyawedcircularconewithanattachedshockwave
are,toa firstapproximation,portionsofhyperbolas.Thisfacthas
beenusedasa basisforthedevelopmentofanapproximatesolutionin
whichtheshock-waveorientationandtheflowfieldbehindtheshock
wavearegivenexplicitlyintermsofthefree-streamMachnumber,the
vertexangleofthebmiycone,andtheratioof specificheatsofthe
gas. Theapproximatesolutionhasbeencomparedwithotherapproximate
solutionsforthecone.

IangleyAeronauticalLaboratoryj
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Vs.,July1, 1955.
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APPENDIXA

SOMEMMIHEMNICAlASPECT’SOF‘I!lZEAPPROXIMATION

Ithasbeenshownthatequations(14)constitutean approximate
solutionofthenonlinesrsystemofclifferentialequations(7). More-
over,thefirstofequations(7)is satisfiedidenticallyby theapproxi-
matee@ressionsforthevelocitycomponentsvx and vr giveninequa-
tions(14).Directcalculationfrm equations(14)and(15)yieldsthe
equation

dvx ‘r—=
dT 1+ Ts2

whichis identically
and Vr. Therefmej
upan exactsolution

satisfiedby @e approximateexpressionsfor Vx
theapproximateexpressionsfor vx and Vr make
ofthefollowingsystemofdifferentialequations:

dvx -Tdvr—=
dT ‘=dr

Thefactora2 hasbeeninsertedinthenumerator

(Al)

anddenominatorof
theritit-handemressioninordertopefit a bettercomparison~th
equati-&s(7). 1%isnowevidentthat-theapproximationembodiedin
equation(lO)jwhichledtotheapproximatesolution(14),isequiva-
lenttoapproximatingthesystemofequations(7)by settingthefac-
tors 1 + T* ~d vr - Wx equalto constants,namelytheirvalues
at thebody-conesurface,andsolv@ theres~t~g wear sYstemof
differentialequationsexactly.

Itisnotedfromequation(3b)thatthefactor~r - TVx can
be expressedas

‘r - ‘x =.vsecO=v P

Thus,settingthefactorVr - TVx inthenonlinearexpressionof
equations(7)equalto itsvalueat thesurfaceofthebcdycone(that
is,zero)isequivalenttoneglectingthenormalvelocitycomponentv
in comparisonwiththelocalspeedofsounda. H thisapproximation
aloneismadeinthesystemofequations(l),whichisequivalentto
thesystemofequations(7),theresultingsystemcanbe writteninthe
formofa second-order,lineardifferentialequation,thatis,
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d%—+cote $+&=o
df32

(A2)

Whenthisequationisexpressedintermsof cosr3asthe-independent
variable,itiseasilyreco@ized.as theLegendreequatidnfor n = 1.
Itsgeneralsolutioncanbewritteninclosedformandis (ref.13)

u
(

=Acosf3+B:

where A and B arearbitrary

l+cOse-l
cos e 10~

1 - cos e .)
constsntstobe evaluatedintermsof

theboundaryvalues.Thisapp~oximation,whichgivesgoodresults
when V2 <<a2,wasrecognizedas a goodapproximationinthehypersonic
speedrangea nuuiberofyearsagoby severalpersons,independently,at
theLangleyAeronauticalLaboratory.Theapproximationassociatedwith
theLegendreequationshasbeenfoundto leadtoresultswhicharemore
complexthanthosewhichhavetheiroriginintheapproximateequation(10).

Theonlyapproximationwhichhasbeenintralucedindevelopingthe
approximatesolutionofthepresentreportfortheaxiallysymmetric

‘flowovera conewithanattachedshockwaveisthatofequation(10).
Thisbasicapproximationhasbeenfoundtobe equivalentto specifying
a flowpatterninwhichthestreamlinesareportionsofhyperbolasof
thetypedescribedearlier.13msmuchas thesecondofdifferential
equations(7)wasnotusedinderivingtheapproximatesolution,the
problemwasnotoverdeterminedbytheintroductionofequation(10).
Therehtionofthesecondofequations(7)to theapproximatesblution
is clearfromtheformoftheapproximatesystemofdifferentialequa-
tions(Al)whichwasfoundtobe equivalentto introducingtheapproxi-
mationenibodiedinequation(10).

— ---- —— ———.. — .——
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CASEOFINFINITEMACHNUM6ER

NACATN3485

Forthelimitingcaseofinfinitefree-streamMachnumber,equa-
tions(18)ad (2o)to (23)yieldtheapproximateexpression

:,;:=[$l,-cos2,stg::’Yb2’~ ,,1,

where
()CP3S~

denotesthesurfacepressurecoefficientaccordingto

theinel&tic–inpacttheoryofNewton,thatis,

(cPjJN=2‘in2’s
When sin2Els<<1,theapplicationofequation(Bl)is,undernormal
observancesofaccuracy,subjecttoratherlargecomputationalerrors.
Forsuchcases,itispreferableto useanapproximateformofequa-
tion(Bl)obtainedby expandingthequantity

inpowersof sin2e~.Theresultingseriesis

( 7+1
)

[

7-1 7+1 1
( )]( )

7+12 2
l+lo&T sin2e6+ —-loge-–– loge —

2
sln2es + . . .

2 2 2

Consequently,for sin2Qs<< 1,equation(Bl)takestheapproximateform
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(w)

For e~~ 10°,thisequationisgenerallytobe preferredtoequation(Bl)
inperfomningnumericalcomputations.

Finally,equation(Bl)permitsonetowrite

7+1

aftertheindeterminateform
followsthat

concernedhasbeenresolved.Thus,it

(B3)

Sincetheinelastic-impacttheoryofNewtonisapplicabletotheflowover
anunyawedcircularconeof a gaswithaninfinitenumberof internal.
degreesoffreedom,equation(B3)showsthatequation(Bl)becomesexact
inthelimitas 7+1. Similarly,equation(17)predictscorrectlythat,
forinfiniteMachnumberand 7 = 1,theshockwaveliesonthebody-cone
surface.Forgivenvaluesofthevelocityandspecificenthalpyofthe
gasaheadoftheshockwave,thefree-streamMachnumbernecesswily
becomesinfiniteinthelimitastheratioof specificheatsapproaches
unity. At thessmetimestraightforwardanalysisfiregenerallyshows
thattheapproximateexpression(17)fortheshock-waveangleandthe
approximateexpressionforthesurfacepressurecoefficientwhichcanbe .
obtainedfromequations(18)and(20)to (23)bothbecomeexactinthe
limitas 7+1; thatis,theyreducetothecorrespondingexpressions
intheinelastic-impacttheoryofNewton.Therefore,thepresentapproxi-
matesolutionfortheconebecomesexactinthelimitas 7+1 whether
thefree-streamMachnumiberisrestrictedtothevalueinfinityor is
notrestricted.

-.. ..—..— —. ._ .-._ .. _______ .—-— —.—— --——–--- .—
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